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Broadcast Networks

e Motivation: Content delivery over wired networks

e Network: A capaciated directed acyclic graph
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What is the capacity region {R; = (R; :i € I)}?
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e Motivation: Distributed/cloud storage systems
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Cut-Set Bounds for Broadcast Networks

e U C [K]: A collection of sink nodes

e An s —ty cut Ay: A collection of arcs such that removing
them from the graph disconnects the source node s from all
sink nodes t, k € U

e Standard cut-set bound:

R(Ukeu ) : Z R; < Z C, =:C(Ap)

ZEU}VEU[}V a€Ay

e Simple and universal

e Tight for two extreme scenarios:

— Iy’s are mutually exclusive (Ford-Fulkerson 1956)
— I’s are identical (Ahlswede-Cai-Li-Yeung 2000)

e Loose in general
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Example 1: Symmetrical Combination Network with
Three Sinks

What is the capacity region {(Rc, Rp)}?



Capacity v.s. Cut-Set Outer Regions

e The cut-set outer region:
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Rc+3R, < 3C1+3C+Cj
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Capacity v.s. Cut-Set Outer Regions

e The cut-set outer region:

R.+ R,
R+ 3R,

e The capacity region:

R.+R,
R+ 3R,
Rc + 2Rp

IAINA

IA A IA

Ci1+2Cy +C3
3CT +3C5 4+ Cy

Ch+2C2+Cs
3CT +3C5 4+ Cy
2C1 4+ 205 + Cs



Capacity v.s. Cut-Set Outer Regions

R, + 3R, = 3C, +3C + C3

RC+2RP =2C1 4+ 2C5 + (5
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Capacity v.s. Cut-Set Outer Regions

Rp
!
R. + 3Rp =3C1 +3Cy + C3
R, + QRP =2C1 +2Cy + C3
R.+R,=C;+2C;+ Cs
0 - R.

What is the nature of
R. + ZRP <2Ch 4+ 2Cy + C37?
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Example 2: Symmetrical Combination Network with
Three Sinks

ﬁWu} ,Woay, W{s}},{\/v{l,z}‘-,w{1,:;) ; W{z,:;HW{u,a}})

(Wiiy, Witoy, Wit a1, Wy 237 (Way, Wt a3, Wiazy, Win2.3))

(Wiay, Wit oy, Wea sy, W 2.5y)

What is the capacity region {(R1, Ra, R3)}?



Capacity v.s. Cut-Set Outer Regions

e The cut-set outer region:

Ry +2Ry+ Ry < C1+203+Cj
2R1 + 3Ry + Rs < 2C7 +3Cy + C;s
3R1 +3Ry+ Rs < 3C1+3Cy+C;s



Capacity v.s. Cut-Set Outer Regions

e The cut-set outer region:

R+ 2Ry + R3
3R1 + 3Ry + R3

C1+2Cy + C4
3CT +3C5 + Cy

IAIA



Capacity v.s. Cut-Set Outer Regions

e The cut-set outer region:
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3R1+3Rys+ R3 < 3C1+3Cy+Ch4

e The capacity region (Tian 2011):
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Capacity v.s. Cut-Set Outer Regions

e The cut-set outer region:

R +2Ry + Rs < (1420 +C4
3R1+3Rys+ R3 < 3C1+3Cy+Ch4

e The capacity region (Tian 2011):

Ri+2Ry+R3 < C1+20,+Cj
3R1 +3Ry+Rs < 3C1+3Cy+C;s
2R1 + 2Ry + Ry < 2C +2C5 + C;s

3R1 +6Ry +2R3 < 3Ci +6Cy+ 2C5

What is the nature of

2R, + 2Ry + R3 < 2C4 + 205 + C3
3R, +6Ry + 2R3 < 3C7 4+ 6C5y + 2C37
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Example 3: General Combination Network with Three
Sinks

(Wiays Wiy, Wiay, Wia 2y, Wi a3, Wia 5y, Wi 2.5y)

(W{l% W{l,z‘,, w{l.s‘, s W{l,Q,‘.&}) (W{‘.ﬂ ’ W(,,;,}, W{z;}} s W(l,z,:ﬂ)

(Wyay, Wit oy, Woa gy, W o))
What is the capacity region
{(Rpy, Reay, Risy Ry1 oy Ry1 3y, Rpasy, Raasy) 17



The Capacity Region (Grokop-Tse 2008)

Ryny+Ren2y + Beasy + RByazsy < Cuy 02 + Caay +C1,2,3)
R2y+Re12) + Byza) + Bya2,3) < Cray + 012y + C23) +Cf1,2,3)
Ryzy+Re13y + Ryasy + Biasy < Cpay +Casy +Crasy + Criesy
Ryny + Rpay B2y + Byosy + Byasy + Bia2sy
S Cuy + 02y +Cra2y + Cp23y + Crasy + Craesy
Rioy + Rysy+B1,2) + RBy2sy + Basy + B2y
SOy + Oy T Ci2y + Craay +Cpa3y + Ca2,3y
Rywy + Bsy+ B2y + Byesy + Byasy + Byizsy
SCy + Oy T C2y + Craay +Ca3r +Ca2,3y
Ry + Byoy + Byt Ryaoy + Bizsy + Brasy + Byaesy
SCuy + Oy + Oy +Crazy + Cra3y £ Crasy + Crizsy

Seven cut-set bounds



The Capacity Region (Grokop-Tse 2008)

Ryt Rezy + Risy +2R{,2) + Biza) + Byizy +2R{1,2,3)

S Cpiy + 02y + Oy +2C 03 +Cpa,3y + O3y 202,33
Ry tReey + Bysy + B2y + 2R 2.3y + B3y +2R{1,2,3)

< Cpiy +Cpay + Oy + Cpa2y +2C02,3) + Cra3y +2C 2,3y
RoytReey + Bisy + B2y + Bre3y +2R(1,3) +2R{1,2,3)

< Cpy +Cpay + Oy + Cpa2y + Ca3y +2C1,3) +2C0 2,3y
Ryt Ry + Riay +2R{1,2) + 2R 2,3y +2R{1,3) +2R{1,2.33

S Criy + 02y + Oy +2001,2) £2C 2.3y +2C011 33 +2C1 2.3}
Ry 2R 2y + 2R3y + 2R 1,2y + 2R(233 +2R{1,3) +3R {1,233

S Cpiy +2C00) +2C 3y +201,0y + 202,33 + 201,33 +3C(1,2,3)
2Ry +Ryay + 2R3y + 2Ry 23 + 2B (3,33 + 2R{1 33 + 3R (1,23}

< 20{1} +C{2} +2C'{3} +QC{1Y2} +QC{2y3} +QC{L3} +BC{1
2R{1y+2R 2y + Ry3y +2R{1,2} + 2R{2,3) + 2R{1 33 + 3R (1,23}

2,3}
2,
S 201y +20 2y + Cpay + 20 1,0y 202,33 +2C 1,33 +3C(123)
2R{1}+2R{2} + 2R{3} + 2R{1,2} + 2R{2,3} +2R{1,3} +3R{1,2,3}

< 2C{1} + 20{2} + 2C{3} + 20{1,2} + 2C{2y3} + 2C{1y3} + BC{1Y213}

Eight non-cut-set bounds
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Example 4: Caching for Cloud Storage

(Maddah-Ali-Niesen 2012)
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Example 4: Caching for Cloud Storage
(Maddah-Ali-Niesen 2012)
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Example 4: Caching for Cloud Storage
(Maddah-Ali-Niesen 2012)

R. Zy .
R. Z,
(Wq,...,Wp)—=  Encoder
R, Zn .
R,
XMy, M)

e Unit rates for all M messages

o (My,...,My): Random requests from the users

What is the admissible rate region {(R;, R.)}?



Equivalent Combination Network (M = N = 2)




Admissible Rate v.s. Cut-Set Inner Regions

e The cut-set inner region:

R, +2R,
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Admissible Rate v.s. Cut-Set Inner Regions

e The cut-set inner region:

R, +2R,
2R, + R,

(AVAIAY]

e The admissible rate region (Maddah-Ali-Niesen 2012):

R, +2R, > 2
R, + R, > 2
2R, +2R, > 3



Rate v.s. Cut-Set Inner Regions

2R, + R, =2

2R, +2R, =3

Ry +2R, =2




Rate v.s. Cut-Set Inner Regions

2R, + R, =2

2R, +2R, =3

Ry +2R, =2

- R,

What is the nature of 2R, + 2R, > 37



A Simple Observation

e Standard cut-set bound:
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A Simple Observation

e The standard cut-set bound:
R(Urevlr) < C(Ay) = C(Uker Ag)
where Ay is an s — ¢ cut (a basic cut)

e The standard cut-set bounds are closely related to union as
a specific set operation to combine the basic cuts of the
network

What about other set operations?



Generalized Cut-Set Bounds Relating Three Basic Cuts
QR(IZ U Ij U Ik) + R(IZ N Ij N Ik)
< 20(142 U Aj U Ak) + C(AZ N Aj N Ak)

R(Ii U Ij U Ik) + R((Iz N Ij) U (Ii N Ik) U (Ij ﬂfk))
< C(AZ UAJ' UAk) + C((AZ N A]) U (Az ﬂAk) U (A] N Ak))

R(Ii UIj UIk) —I-R(IZ' ﬂIj) < C(AZ UA]' UAk) —I-C(AZ ﬂAJ’)

R(IZ'UI]' UIk) —I—R(Iiﬁfj ﬁ[k) —i—R(IZ'UIj)
< C(AZ'UA]'UAk)—i—C(AZ'ﬂAjﬂAk)—I—C(AZ'UAj)



Example 1: Symmetrical Combination Network with
Three Sinks

What is the capacity region {(Rc, Rp)}?



The Capacity Region

Rp
4 R.+ 3R, =3C1 +3Cy + (s
R.+2R, =2C1 +2Cy + (3
R+ R, =C1 +2C3 4+ C3
0 - R,

What is the nature of

Rc + 2Rp < 201 + 202 + C13?



Example 1: Symmetrical Combination Network with
Three Sinks

QR(L UIj UIk) + R(Il N Ij ﬂ]k)
< ZC(AZ UA]' UAk) —i—C(Al ﬂAj ﬂAk)

R(Il UlU Ig) =R, —|—3Rp, R(Il NIy ﬂIg) =R,
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2(Rc + 3Rp) + R, < 2(301 +3Cy + 03) + C
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Example 1: Symmetrical Combination Network with
Three Sinks

3Rc + 6Rp S 601 + 602 + 3C3

R(Il Ul UIg) =R, —|—3Rp, R(Il NI ﬁ[g) =R,
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Example 1: Symmetrical Combination Network with
Three Sinks

Rc + 2Rp < 2C1 + 202 + C3

R(Il Ul UIg) =R, —|—3Rp, R(Il NI ﬁ[g) =R,
C(AlUAQUA3)23C1+302+Cg, C(AlﬂAgﬂAg)ZC;g



Example 2: Symmetrical Combination Network with
Three Sinks

ﬁWu} ,Woay, W{s}},{\/v{l,z}‘-,w{1,:;) ; W{z,:;HW{u,a}})

(Wiiy, Witoy, Wit a1, Wy 237 (Way, Wt a3, Wiazy, Win2.3))

(Wiay, Wit oy, Wea sy, W 2.5y)

What is the capacity region {(R1, Ra, R3)}?



The Capacity Region (Tian 2011)

Ry +2Rs + R3
3R1 + 3Ry + R3
2R, 4+ 2Ry + R3

3R1 + 6Ry + 2R3

VAN VANRVANNVAN

C1+2Cy + Cs
3CT +3Cy + C3
207 4+ 2C5 + C4
3CT +6Cy + 2C5

What is the nature of

2R1 + 2Ry + R3 < 2Ch + 2C5 + C4
3R1 +6Ry + 2R3 < 3C, + 6C5 + 2C37



Example 2: Symmetrical Combination Network with
Three Sinks

2R(IZ U Ij UIk) + R(IZ N Ij N Ik)
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Example 2: Symmetrical Combination Network with
Three Sinks

2R(IZ @] Ij U Ik) + R(Iz N Ij N Ik)
< 2C(AiUAj UAk) —i—O(AZ ﬁAj ﬁAk)

2R1 + 2Ry + R3 <2C +2C5 + C;y



Example 2: Symmetrical Combination Network with
Three Sinks

R(I;UI; Uly) + R(I;n1;) U (L; N Iy) U (L; N 1))
<CAJUAjUAL) +C((AinAj)U(A;NAL)U(A; N Ay))



Example 2: Symmetrical Combination Network with
Three Sinks

R(I;UI; Uly) + R(I;n1;) U (L; N I) U (I; N 1))
< O(AZ U Aj U Ak) + C((AZ N Aj) U (AZ N Ak) U (Aj N Ak))

6R1 + 3Ry + 2R3 < 6C7 + 3C5 + 2C}4



Example 3: General Combination Network with Three
Sinks

(Wiiy, Wy, Wiay, Wi oy, Wi sy, Woa sy, Wi 2,33)

(Wi, Wi 2y, Win sy, Wi 2.5)) (Wi Wty Wyasp, Wi

(Wiayp Wity Wz gy, Wt 2.53)



Example 3: General Combination Network with Three
Sinks

(Wiiy, Wy, Wiay, Wi oy, Wi sy, Woa sy, Wi 2,33)

(Wi, Wi 2y, Wyn sy, Wi 2.51) (Wosy, Wirsy, Wa sy, Wi o)

(Wiayp Wit 2y, Wz gy, Wt 2.53)

What is the capacity region
{ (R}, Ry, Risys Ryn oy, Rpa sy, Rasys Rynosy) 17



The Capacity Region (Grokop-Tse 2008)

Ryny+Ren2y + Beasy + RByazsy < Cuy 02 + Caay +C1,2,3)
R2y+Re12) + Byza) + Bya2,3) < Cray + 012y + C23) +Cf1,2,3)
Ryzy+Re13y + Ryasy + Biasy < Cpay +Casy +Crasy + Criesy
Ryny + Rpay B2y + Byosy + Byasy + Bia2sy
S Cuy + 02y +Cra2y + Cp23y + Crasy + Craesy
Rioy + Rysy+B1,2) + RBy2sy + Basy + B2y
SOy + Oy T Ci2y + Craay +Cpa3y + Ca2,3y
Rywy + Bsy+ B2y + Byesy + Byasy + Byizsy
SCy + Oy T C2y + Craay +Ca3r +Ca2,3y
Ry + Byoy + Byt Ryaoy + Bizsy + Brasy + Byaesy
SCuy + Oy + Oy +Crazy + Cra3y £ Crasy + Crizsy

Seven cut-set bounds



The Capacity Region (Grokop-Tse 2008)

Ry tRey + Ryzy +2R(1,2) + Bya3y + B3y +2R{1,2,3)

< Cpiy +Cpay + Oy + 20,23 + Ca,3) + Cra3y +2C 2,3y
Ry tReey + Bysy + B2y +2R23) + B3y +2R{1,2,;3)

< Cpiy +Cpay + Oy + Cpa2y +2C02,3) + Cra3y +2C1,2,3)
Ryt Ry + Risy + B2y + Byzsy + 2R3y +2R{1,2,3)

S Cpiy + 02y + Oy + Oy + 2,3y +2001,33 +2C1,2,33
Ryt Regy + Rizy +2R{1,2) +2R{2,3) + 2R 1,3y +2R{1 2,33

S Cpiy + 02y + Oy +2C011,2) 2023y +2C011 33 +2C1 2,3}
Ry +2R 9y + 2R3y + 2B ,0) + 2R(23) +2R{1,3) + 3R {123}

< Cp1y +2C(2y +2C3y +2C 1,0y + 202,33 +2C(1,33 +3C (12,3}
2Ry +Ryay + 2R3y + 2Ry 2y + 2B (2,33 +2R{1 33 + 3R (1,23}

2,
2,
S 20y + Cpay +203) + 2010y 202,33 + 201,33 +3C(123)
2Ry 2Ry + Rysy + 2R {10 + 2R(23) + 2R{13) + 3R (12,33

S 20y +2C 2y + Cpay + 201,90y 202,33 + 201,33 +3C(1,2,3)
2R{1}+2R{2} + 2R{3} + 2R{1,2} + 2R{2,3} +2R{1,3} +3R{1,2,3}

< 2C{1} + 20{2} + 2C{3} + 20{1,2} + 2C{2y3} + 2C{1y3} + BC{1Y213}
Eight non-cut-set bounds

[m]

=
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Example 3: General Combination Network with Three
Sinks

QR(IZ' Ulr; U I) + R(I; N I; N Ii)
< 2C(4; UAj UAg) + C(AZ ﬁAj N Ag)

2R{1} + 2R{2} + 2R{3} + 2R{1,2} + 2R{2,3} + 2R{173} + 3R{172,3}
< 20{1} + 20{2} + 20{3} + 20{172} + 20{273} + 20{173} + 30{17273}



Example 3: General Combination Network with Three
Sinks

R(IZ’ U Ij U Ik) + R((IZ N Ij) U (Iz' N Ik) U (Ij N Ik))
< C(AZ UA; U Ak) + C((Az N AJ) U (AZ N Ak) U (AJ N Ak))



Example 3: General Combination Network with Three
Sinks

R(I;UI; Uly) + R((I; N 1;) U (L; N I;) U (I; N 1))
<C(AUAUAL) +C(ANA)U(ANAR) U(A; N Ayg))

R{l} + R{Q} + R{g} + QR{LQ} + 2R{2,3} + 23{173} + 2R{17273}
< Cuy + Cpay + Cpsy + 20 2y + 20 2,31 +2C 31 + 207 2,3



Example 3: General Combination Network with Three
Sinks

R(UILUI) + R(I;NI) < C(A; UA; UAy) + C(A; N Ay)



Example 3: General Combination Network with Three
Sinks

R(Il U Ij U Ik) + R(Iz N I]) < C(Az U Aj U Ak) + C(Az N AJ)

Ruy + Rpoy + Bygy + 2Ry + Rpagy + By + 2R 23

< C{l} + C{Q} + 0{3} + 20{1,2} + 0{273} + 0{1,3} + 20{1,273}
R{l} + R{Q} + R{g} + R{LQ} + 2R{273} + R{Lg} + 2R{17273}

< Cpy +Cpay + Oy + Crigy + 203 + Cpgy + 200 2,3
R{l} + R{g} + R{3} + R{Lg} + R{2,3} + 2R{1,3} + 2R{1,273}

< C{l} + C{g} + C{g} + 0{172} + 0{2,3} + 20{1,3} + 20{17273}



Example 3: General Combination Network with Three
Sinks

R(IiUIj UIk) —i—R(IZ' ﬁ[j ﬁ[k) —I—R(IiUIj)
< C(AZ‘UAjUAk)—I—C(AiﬁAjﬁAk)—i-C(AiUAj)



Example 3: General Combination Network with Three
Sinks

R(IiUIj UIk) —i—R(IZ' ﬂ[j ﬂ[k) —|—R(IiUIj)
< C(AiUAjUAk)—I—C(AiﬂAjﬂAk)—i-C(AiUAj)

Rpyy + 2Ry + 2R3y + 2Ry1 91 + 2Ry9.3) + 2Rp1 5 + 3Rp10.3)
< Oy + 20y + 203y + 2000y + 20 3y + 2003 +3C 123
2Ry} + Rz + 2R3y + 2Rg191 + 2Rpa3) + 2Rp1 5 + 3R(10.3)
< 20{1} + C{g} + 20{3} + 20{1,2} + 20{2,3} + 20{1,3} + 3C{172,3}
2Ry + 2Ry + Rygy + 2R 9y + 293y + 2R3y + 38103y
< 20{1} + 20{2} + 0{3} + 20{172} + 20{273} + 20{173} + 3C{17273}



Example 4: Caching for Cloud Storage (M = N = 2)

What is the admissible rate region {(R;, R.)}?



The Admissible Rate Region (Maddah-Ali-Niesen 2012)

2R, + R, =2

2R, + 2R, = 3

R, +2R, =2

- R,

What is the nature of 2R, + 2R, > 37



Example 4: Caching for Cloud Storage (M = N = 2)

R(IZ‘ UIj UIk) —I-R(IZ' ﬂfj) < C(AZ UAj UAk) —I-C(AZ ﬂAj)
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Example 4: Caching for Cloud Storage (M = N = 2)

3<2R, + R,

R(IlU13UI7):2, R(Ilﬁf7):1
C(A1UA3UA7):2R33—|—2Rz, C(A1QA7):O



Generalized Cut-Set Bounds Relating Three Basic Cuts
QR(IZ U Ij U Ik) + R(IZ N Ij N Ik)
< 20(142 U Aj U Ak) + C(AZ N Aj N Ak)

R(I; UI; Uly) + R((I; N 1;) U (L; N I) U (I; N I))
< C(AZ U Aj U Ak) + C((AZ N A]) U (Az N Ak) U (A] N Ak))

R(Ii UIj UIk) —I-R(IZ' ﬂIj) < C(AZ UA]' UAk) —I-C(AZ ﬂAJ’)

R(IiUIj UIk) —I-R(Iiﬂfj ﬂIk) +R(IiUIj)
< C(AZ'UA]'UAk)—i—C(AZ'ﬂAjﬂAk)—I—C(AZ'UAj)



Generalized Cut-Set Bounds Relating Three Basic Cuts

QR(IZ' Ul; U Ik) + R(IZ’ NniI;N Ik)
< QC(AZ U Aj U Ak) + C(AZ N Aj N Ak)

R(Ii U Ij U Ik) + R((Iz N Ij) U (Ii N Ik) U (Ij N Ik))
<C(AUAjUAL) +C((AinAj) U (A, NAL) U (AN Ay))

R(IZ UIj UIk) —|—R(IZQI]) < C(AZ UAj UAk) —I—C(AZ ﬁAj)

R(IZ' U Ij U Ik) —I—R(Ii ﬁ[j ﬁ[k) + R(IZ' U Ij)
< C(AZ UAJ' UAk) —i—C(AZ ﬂAj ﬂAk) +C(AZ UAJ')

How to prove them?



From Graph to Information Theory

e Standard cut-set bounds:
R(UkevIy) < C(UrevAg), VU C [K]

— For any k € U, Wy, are functions of X4,
— Of course, Wy, 1,, are functions of Xy, 4,
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e Standard cut-set bounds:
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— A graph-theoretic result
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From Graph to Information Theory

e Standard cut-set bounds:

R(UpeuvIy) < C(UgevAr), YU C [K]

— For any k € U, Wy, are functions of X4,
— Of course, Wy, 1, are functions of Xy, 4,
— A graph-theoretic result

e Generalized cut-set bounds:
Zaz Ila"'v <Zaz Al’ 7AK))

— «;: Positive reals

— &;: Set operators

— Need to exploit the relationship among different basic cuts
via information theory



Shannon Entropy

e Entropy of a single random variable Z (Shannon 1948):

=) p(z Jlog

zZ€EZ
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Shannon Entropy

e Entropy of a single random variable Z (Shannon 1948):

H(Z):=> p(z)log

1
= p(2)

— Measures the amount of information contained in Z
— Always nonnegative

e Entropy of a collection of random variables
Zs=(Z;:i€8):
— View Zg as a vector-valued random variable
— Entropy as a set function

Hz(S') = H(Zg), ¥S' CS

is monotonic and submodular



Submodular and Modular Functions

A function f : 25 — R is said to be a submodular function if
J(S1) + f(S2) > f(S1US2) + f(S1NS2), V¥S,85CS
is said to be a modular function if

f(S1) + f(52) = f(S1US2) + f(S1NSs), V5,5 CS.



Diminishing Returns

A function f : 25 — R is said to be a submodular function if
fAUC) - f(A) < f(BUC) - f(B)

for any subsets A, B and C of S such that A O B and
CnA=0.



Diminishing Returns

A function f : 25 — R is said to be a submodular function if

f(AUC) = f(A) < f(BUC) - f(B)

for any subsets A, B and C of S such that A D B and
CNnA=0.

Submodular functions are “convex” set functions.



Entropy and Capacity Functions

e The entropy function
HZ(S,) = H(Zg), s'cs
is nonnegative, monotonic and submodular

e The capacity function

C(AI) = Z Ca, A cA

acA’

is modular



Entropy and Capacity Functions

e The entropy function
Hz(S,) = H(Zg), s’ cs
is nonnegative, monotonic and submodular

e The capacity function

C(A" = Z C,, ACA

ac A’

is modular

How to translate these facts into generalized cut-set bounds?



Extremal Subset Inequalities

A 5-tuple ({o;},{®;},{5;}, {F;’}, {I'; }) where
e oy, (3;: Positive reals
o O, I‘j, I Set operators

defines an extremal subset inequality if for any K subsets
S1,...,8k of a ground set S and any set function f :2% — R

S f(®i(S1. .. SK)) < 3085 (FTF (51, SKk)) = ST (S1.- .. SK)))

J

whenever f is submodular, and

DS aif(@i(S1.---. k) = 30 8; (FTF (51, Sk) = (T (S1.---.SK)))
- ;

whenever f is modular



A Meta Theorem

The generalized cut-set bound
Zaz Il’ . <Zaz Ala""AK))

identified by {a;} and {®;} holds if there exist positive reals
{B;} and set operators {F;r} and {I'; } such that:

o ({ai}, {®:},{B;}, {F;‘}, {I';}) defines an extremal subset
inequality;
. {F;r} are subset unions; and

+ — .
° Fj QI‘j for all j



Proof

.....

.....



Proof

ZazHWX Il, IK) (I)Z(Al,,AK))
<3 3 (HW,X (e k) T (A AR)) -
J

Hwx(T5 (B, 1), T (Av, - Ag)))



Proof

ZaiHW((I)i(Ila . ,IK))

%

< 328 (Hwx(T] (I Ix).Df (Au, - Ag)) -
J

Hx (T (Ay, ... ,AK))>



Proof

.....

.....



Proof

ZaZHW (I, IK))

<Z,B]HX Al,...,AK)\F]-_(Al,...,AK))



Proof

> aR(@i(L, ..., Ik))
<Z/B] Al,...,AK)\F]-_(Al,...,AK))



Proof

.....

.....



Proof

ZOZZR((I) Il’ --) <Zaz b, Ala 7AK))



Generalized Cut-Set Bounds Relating Three Basic Cuts

2R(I; U I; U I) + R(I; N I;n Iy)
< 2C(4; UA]' UAg) + C(A; ﬂAj N Ag)



Generalized Cut-Set Bounds Relating Three Basic Cuts

2R(IZ @] Ij U Ik) + R(Iz N Ij N Ik)
< 2C(A,'UA]' UAg) + C(A; ﬂAj N Ag)

2f(S; U S; U Sk) + f(S; N S; N Sk)
< F(Si) + f(S5) + f(Sk) + (£(Si) — f(S: N (S U Sk))) +
(F(S5) = (S5 N (S U Sk)) + (f(Sk) = f(Sk N (S U Sy))

whenever f is submodular, and

2f(S; U S; U Sk) + f(S; N S; N Sk)
= f(S0) + f(S)) + £(Sk) + (F(Si) = f(Si N (S5 USk))) +
(F(S5) = (S5 N (S U Sk)) + (f(Sk) = f(Sk N (S U S5))

whenever f is modular
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Generalized Cut-Set Bounds Relating Three Basic Cuts

R(Iz U Ij U Ik) + R((Iz N Ij) @] (I, N Ik) U (Ij N Ik))
< C(AZ UA; U Ak) + C((AZ N A]) U (Az N Ak) U (A] N Ak))

F(SiUS; USE) + f((SinS;)U(S;NSk)U(S; N Sk))
< (F(5i) = F(Sin 550 8k)) + f(S;) + £(Sk)
whenever f is submodular, and

F(SiUS;USk) + f((SinS;) U (Si NSk) U (S; N Sk))
= (f(8:) — F(Sin SN Sk)) + F(S;) + f(Sk)

whenever f is modular
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Generalized Cut-Set Bounds Relating Three Basic Cuts

R(IZ U Ij U Ik) + R(Iz N I]) < C(AZ U Aj U Ak) + C(Az N AJ)
f(S; US;USE) + f(SiNS;)
< f(S0) 4+ £(S5) + (F(Sk) — f(Sk N (S US;))
whenever f is submodular, and

f(Sl U Sj U Sk) + f(Sz N Sj)
= f(Si) + f(S;) + (f(Sk) — f(Sk N (Si U S;))

whenever f is modular



Generalized Cut-Set Bounds Relating Three Basic Cuts

R(IZ’ U Ij U Ik) + R(Ii N Ij N Ik) + R(IZ’ U Ij)
< C(AZ UA]' UAk) —I-C(AZ ﬁA]’ ﬂAk) +C(AZ UA]')



Generalized Cut-Set Bounds Relating Three Basic Cuts

R(Iz U Ij @] Ik) + R(IZ N Ij N Ik) + R(Iz @] Ij)
< C(AZ UA]' UAk) —I-C(Az ﬁAj ﬂAk) +C(AZ UA]')

f(Sl U Sj U Sk) + f(Sz N Sj N Sk) + f(SZ U Sj)
< f(Si) + F(S5) + f(Sk) + (F(S:) = f(Sin (S5 U Sk))) +
(f(S;) = f(5; N (Si U Sk))
whenever f is submodular, and
f(Sl U Sj U Sk) + f(Sz N Sj N Sk) + f(SZ ) Sj)
= f(Si) + f(S5) + f(Sk) + (f(Si) = f(Si N (S;USk))) +
(f(S5) = f(5; N (Si U Sk))

whenever f is modular



From Two-Way to Multiway Submodularity

e Two-way submodularity:

F(S1) + f(S2) > f(S1US2) + f(S1NS2), V¥S1,52C S



From Two-Way to Multiway Submodularity

e Two-way submodularity:

f(S1) + f(S2) = f(S1US2) + f(S1NS2), V5,52 CS

e Multiway submodularity (Harvey-Kleinberg-Lehman 2006):

U]

> sk >Zf s

keU

— U C [K]: An index set
— SUU) := U cosuri=ry Nkevr Sk
— Urev Sk = SW(U) 2 SO (U) 2 --- 2 SWD(U) := Nyeu Sk



Generalized Cut-Set Bounds Relating K Basic Cuts

2R(I; U I; U I) + R(I; N I;n Iy)
< QC(AZ UA]' UAk) —i—C(AZ ﬂAj ﬁAk)



Generalized Cut-Set Bounds Relating K Basic Cuts

2RIV ({3, 5,k})) + RUIP ({4, 5,k}))
< 20(AD{i,5,k})) + C(A®({i, ], k}))



Generalized Cut-Set Bounds Relating K Basic Cuts

2RIV ({i, 4, k})) + RUP ({i, 4, k}))
< 2C(AV({i, j,k})) + C(AP ({i, j,k}))

For any m =1,...,|U]|,
1
mRUIV©))+ > RUIM(U))
r=m-1

U]
<mCADW) + Y e W)

r=m-+1



Proof

Assume that f is a submodular function:

U]

S FEST@) <> F(SK)
r=1

keU



Proof

Assume that f is a submodular function:

U]

FEWW)+ 0 FSTW) <Y FS) =Y fSOW)
=2

r=m-+1 keU r



Proof

Assume that f is a submodular function:

U]
+ Y ST <D F(Sk) Z (U))
r=m+1 keU

Adding (m — 1)f(SM(U)) on both sides:

U

FESO@N+ > f(s
r=m+1

<3 F(S) + Z( FSO@)) = 18T W)

keU



Proof

Assume that f is a submodular function:

U]

+ > FSTW) <D F(Sk) - Z SO(W))

r=m+1 keU
Adding (m — 1)f(SM(U)) on both sides:

U

FESO@y+ >0 f(s
r=m+1

<3 A + Z( ) = F(SO)))

keU

Equalities hold when f is a modular function



Example 1: Symmetrical Combination Network with
Three Sinks

What is the capacity region {(Rc, Rp)}?



The Capacity Region

Ry
Re+ 3R, = 3C) +3C + Cs
R.+ 2R, = 20, +2Cy + Cs
R+ R, = Cy +2C; +Cjy
0 R,

QR(IZ UI]' UIk) + R(IZ N Ij ﬂ]k)
< QC(AZ UA]' UAk) —i—C(AZ ﬂAj ﬂAk)



The Capacity Region

RP
R, + 3Rp =3C1+3C,+C5

RCJrQRp =2C7 + 205+ O3

RC-‘er:Cl-‘rQCz-‘ng

R.

2R(IZ U Ij U Ik) + R(IZ N Ij N Ik)
< 2C(4; UAj UAg) + C(A; ﬂAj N Ag)

What about K sinks?



Generalized Cut-Set Bounds

. U=[K]
Ul
mR(IW(K]) + > RIV(K])
r=m-+1
Ul
<mC(A + > o(]
r=m-+1

forany m=1,..., K



Generalized Cut-Set Bounds

e U =[K]
U]
mRUIV(K]) + Y RIY(
r=m+1
U]
<mC(A + > cAn)(
r=m-+1

forany m=1,..., K
e With K sinks,



Generalized Cut-Set Bounds

For any m=1,..., K,

/K
K(R.+mR,) <m . Ci+
(R + mR,) ;(]) ;

Ry




The Capacity Region

Ry

0

e A total of K 4 1 corner points:

j=r

(S5 )ers(5)a)

, K41



The Capacity Region
Rp

0
e A total of K 4 1 corner points:

i(f_l) JKZ< ) r=1,... K+1

j=r

e All corner points achievable by maximum-distance
separable (MDS) codes!



Example 2: Symmetrical Combination Network with
Three Sinks

ﬁWu} ,Woay, W{s}},{\/v{l,z}‘-,w{1,:;) ; W{z,:;HW{u,a}})

(Wiiy, Witoy, Wit a1, Wy 237 (Way, Wt a3, Wiazy, Win2.3))

(Wiay, Wit oy, Wea sy, W 2.5y)

What is the capacity region {(R1, Ra, R3)}?



The Capacity Region (Tian 2011)

Ri +2Ry+ R3
3R1 + 3Ry + R3
2R, 4+ 2Ry + R3

3R1 + 6Ry + 2R3

C1 +2C, + C
3CT +3C5 + C3
207 + 2C5 + C4
3CT +6Cy + 2C5

VA VANRVANIVAN

2R(IZ U Ij U Ik) + R(L N Ij N Ik)
< 2C(A; U Aj UAg)+C(A; N Aj N Ag)

R(IZ‘ ) Ij ) Ik) + R((IZ N Ij) U (Ii N Ik) U (Ij ﬂ]k))
< C(AZ UA]' UAk) + C((AZ N Aj) U (Az ﬂAk) U (Aj N Ak))



The Capacity Region (Tian 2011)

Ri +2Ry+ R3
3R1 4+ 3Ry + R3
2R; + 2Ry + R3

3Ry + 6Rs + 2R3

C1+2C2 + C3
3C1 +3Cy + Cy
2C1 +2C; + C3
3C1 4+ 6Cy + 2C54

VA VAR VANRVAN

QR(]Z ) Ij ) Ik) + R(IZ ﬂ]j ﬂIk)
< QC(AZ UAj ) Ak) + C(AZ N Aj ﬂAk)

R(IZ‘ ) Ij ) Ik) + R((IZ N Ij) U (Ii N Ik) U (Ij ﬂ]k))
< C(AZ UA]' UAk) + C((AZ N Aj) U (Az ﬂAk) U (Aj N Ak))

What about K sinks?



Generalized Cut-Set Bounds

Let U be a subset of [K], and let @ be a subset of {2,...,|U|}.
We have

U] U]

ZBQ R(IM(U <Z@Q c(A"(U))

where

0, fre@

IBQ(T) - { H{qEQ:q<r}(q - 1) H{qu:q>r} 4, if r ¢ Q



Generalized Cut-Set Bounds

o U=[K]

K
> Bo(r)R(
r=1

for any Q C {2,..., K}

CAD) ([

(&)



Generalized Cut-Set Bounds

o U=[K]

K K
> Ba(rRIM([K)) <Y Ba(r)C(AT([K]))
r=1

for any Q C {2,..., K}
e With K sinks,



Generalized Cut-Set Bounds

o U=[K]

K K
> Ba(rRIM([K)) <Y Ba(r)C(AT([K]))
r=1

r=

—_

for any Q C {2,..., K}
e With K sinks,

()
(1)

e A polyhedral cone constrained by 251 half-planes

R(I"(IK]))
C(AY)([K))

K
J=r
K
J=r



Generalized Cut-Set Bounds

o U=[K]

K K
> B RUTHIKD) < 3 fo()C(A(KD)
r=1 r=1

for any Q C {2,...,K}
e With K sinks,

(5)m
(5)e

e A polyhedral cone constrained by 251 half-planes

i

e Conjecture (numerically verified for small K): Generated
by 2(K — 1) “achievable” extremal rays



Generalized Cut-Set Bounds Relating K Basic Cuts

Let G, U and T be subsets of [K] such that G D U, and let Q
be a subset of {2,...,|U[}. Let (ry : ¢ € Q) be a sequence of
integers from [|T']] such that S (U) C S")(T) for any K
subsets S1,...,S; of S and any ¢ € ). We have

RIV@G)+ Y RUIVW +ZZaQ ¢, r)R(I(T))

re{2,..,|UIN\Q qeQ r=1
<cAl@)+ Y. CADW)) + DD agle,r)C(ATN(T))
re{2,..,|lUINQ qeQ r=1

where

{ 0, ifreq@
aQ(Q7 7') = H{pEQ:p<r}(p_1) H{pEQ:r<p§rq} p .
e o 0 HTEQ
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— To capture the structure of the network via set operators
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optimization results into network coding bounds
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Summary

e Generalized cut-set bounds for broadcast networks
— To capture the structure of the network via set operators

e A mechanism for depositing submodular function
optimization results into network coding bounds

— Submodular
ANNAIS - Fynctions
oscrere - and

Optimization

58  Second Edition

SATORU FUNISHIGE

e Much more work to be done!



